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The purpose of this paper is to prove the following theorem. Recall 
that if F is a topological group, then F is called a fixed point property 
group (FPP group) if, whenever F has a continuous representation as a 
group of convex transformations of a compact convex set K in a locally 
convex linear topological vector space, then F has a fixed point in K. 
A famous theorem of Kakutani states that ifF has a closed normal solvable 
subgroup S such that F/S is compact, then F is an FPP group. 
THEOREM 1. Let G be a locally compact group. Let F, H C G be closed 
subgroups such that: (1) G/H is compact; (2) H normalizes F; (3) F is an 
FPP group. Then H . F/H has an H . F-invariant regular Bore1 
measure. 
As a corollary to this theorem, we show that if G is a locally compact 
group whose topology has a countable basis, and if H is a closed uni- 
modular subgroup of G such that G/H is compact, then G is also uni- 
modular. We also derive several corollaries of interest in group representa- 
tions. It is a pleasure to thank H. Furstenberg for several interesting 
conversations on the contents of this paper. 
LEMMA 2. Theorem 1 is true if F is unimodular. 
Proof. We may suppose that G = H . F. The quotient space G/H 
is compact. Let K be the set of regular probability Bore1 measures on 
G/H. K is a compact convex set (in the weak-* topology) and admits a 
natural continuous F-action. Since F is an FPP group, G/H has a regular 
F-invariant probability Bore1 measure, say CL. We claim that p is unique. 
For y E C,(G), let r(y) = JGjH [JH v(gh) dh] dp, where dh is left-invariant 
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Haar measure on H. I’ is left invariant under F-i.e., r(Le) = I’(v), 
where (L@)(a) = ~(f-l * u). Let (&v)(a) = q(a * h). A simple compu- 
tation shows that for h E H, r(R,v) = d(h) * r(v), where A(.): H + R+x 
is the modular function of H. 
We claim that there exists a measure TV’ on F\G such that r(v) = 
SW [SF dfg) @I dP’* T o s h ow that 11’ exists, it suffices, by a standard 
argument, to show that Jr v(fg) df = 0 for all g implies that r(q) = 0. 
Let v be the regular Bore1 measure on G such that r(v) = JG p)(u) dv(u). 
Choose 4 E C,(G) such that JF #(fg) df = 1 for all g E Support (cp). 
SF v(f-lg) df = 0 for all g since F is unimodular. 
0 = jGIG(4 * Odv(a), 
= S, [jo #(a) ~(f-‘a) dv(a)] df (by Fubini’s Theorem); 
= jF [jG +(f4 da) 44] df 
(since r is left-invariant under 3’); 
= jG 44 [ jF $(f4 df] d44 
(by Fubini’s Theorem); 
= s G cp(4 d 4 ; 
Let 7r: G -+ F\G be the natural quotient mapping. Since r(&,y) = 
4) - r(rp), I’ = 44 4W) for all 4 E W’\G). For any 
n(g) E F\G, choose h, E H such that n(h,) + n(g). Choose # E C,(F\G) 
such that ~‘(4) > 0 and p’(R,&) > 0. Then, since TV’ is regular, 
d(h,) converges to some positive number, say x(x(g)). Let x(n(h)) = d(h) 
for all h E H. A standard argument shows that x: F\G --+ R+X is a 
continuous homomorphism and PW(,)~) = x(+9) CL’(#) for all 
n(g) EF\G and all Q!I E C,,(F\G). Th e uniqueness of Haar measure on F\G 
shows that if CL” is a regular Bore1 measure on F\G such that ~“(R,(g)#) = 
X(n(g)) ~“(4) for all r(g) E F\G, 4 E C,(F\G), then p” and ,FL’ are propor- 
tional. Hence, p is unique up to a multiplicative constant. Hence, there 
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is a unique regular F-invariant probability Bore1 measure p on G/H. 
p is actually H-invariant, for if CJI E C(G/H), let p’(v) = CL(P) 0Lh) (h E H). 
,LL’(~ 0 Lo> = p(p) 0 L, 0 -&J = p(y 0 L, 0 -&J = P(P, 0 LrJ = P’(T). Thus, 
CL’ is a regular, F-invariant probability Bore1 measure on G/H. Hence, 
p’(p)) = p(v), or CL(Q) oLh) = p(p)). Hence, p is H-invariant. Since H *F 
is dense in G and TV is regular, p is G-invariant. Q.E.D. 
LEMMA 3. Let K be a locally compact group, A(*): K + R+x the 
modular function on K for left Haar measure, U = Ker A(*). Then z. v 
is a continuous automorphism of K, q(U) = U. 
Proof. For f E C,(K), consider r(f) = JG f 0 y(a) da. A computation 
shows that I’(L,f) = r(f) f or all b E G. Hence, there exists a constant 
X > 0 such that I’(f) = h JGf (a) da. Hence, computing r(R,f) in two 
ways, one sees that A(b) r(f) = A(v-l(b)) r(f), or A(b) = A(y-l(b)) for 
all b E G. Hence, b E U if and only if y-l(b) E U. Q.E.D. 
Proof of Theorem 1. Let U Z F be the kernel of the modular function 
of F. U is closed in G since U is closed in F. U also is an FPP group. 
Lemma 3 implies that H normalizes U. U is unimodular. Hence, 
Lemma 2 implies that an H . U-invariant measure exists on H - U/H. 
Now an m-invariant measure exists on H *F/H is and only if 
there exists an H . F-invariant measure on m/H- and an 
m-invariant measure on H. U/H. Hence, we may suppose that 
U _C H. But then an H . F-invariant measure exists on H . F/H 
if and only if there exists an (H * F/U)-invariant measure on 
(H * F/U)/(H/U). But H * F/U = (H/U) * (F/U). F/U is Abelian and 
then is unimodular. Hence, an H * Flu-invariant measure exists on 
(H . F/U)/(H/U) by Lemma 2. Q.E.D. 
COROLLARY 4. Let H and F be as in Theorem 1. Let n be a unitary 
representation of G such that rl H is TypeI. Therm/ H-Fis TypeI. 
Proof. This follows from Theorem 1 and Kallman [I]. Q.E.D. 
LEMMA 5. Let K be a unimodular locally compact group. Let L C K 
be an open subgroup. Then L is also unimodular. 
Proof. K/L is discrete. Hence, K/L has a regular K-invariant 
measure. Hence, the modular function of K restricted to L is the modular 
function of L. Q.E.D. 
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LEMMA 6. Let G be a locally compact group, and let H C G be a closed 
unimodular subgroup such that G/H has a Jinite, regular, G-invariant 
Bore1 measure. Then G is unimodular. 
Proof. Let d(m): G -+ 03 +x be the modular function of G. Since G/H 
has an invariant measure, d(e) 1 H = 1 since H is unimodular. Let 
U = Ker d(e). H C U. Hence, G/U is compact. But d(e): G/U -+ Iw+x 
is a continuous homomorphism. Hence, d(G/U) is a compact subgroup 
of Iw+x. Hence, d(G/ U) = 1 and G = U. Q.E.D. 
LEMMA 7. Let G be a locally compact group whose topology has a 
countable basis, G’ an open subgroup of G, and H a subgroup of G with G/H 
compact. Then G’/G’ n His compact. 
Proof. Let g + n(g) be the natural representation of G on G/H. 
Consider the orbit of the coset H under G’. This orbit is closed. This is 
equivalent to G’ . H being a closed subset of G. But G’ * H is closed, 
for let g E G’. Let U be an open neighborhood of e in G which is 
contained in G’. U*gnG’*H# 0. Hence, gEU-l.G’.H= 
G’ * H. Hence, n(G’) * H is closed and, hence, compact in G/H. 
n(g’) - H = H if and only if g’ E G’ n H. 
Since our groups are separable, a well-known theorem of Arens 
implies that G’/G’ n H is naturally homeomorphic to n(G’) * H. Hence, 
G’/G’ n H is compact. Q.E.D. 
PROPOSITION 8. Let G be a locally compact topological group whose 
topology has a countable basis. Suppose that H C G is a closed unimodular 
subgroup such that G/H is compact. Then G is also unimodular. 
Proof. There exists an open subgroup G’ of G such that GO C G’ 
and G’/G” is compact. G’/G’ n H is compact by Lemma 7. G’ n H is 
open in H. Hence, G’ n H is unimodular by Lemma 5. By the Main 
Approximation Theorem [2, p. 1751, there exists a compact normal 
subgroup N of G’ such that G’/N is a Lie group. One easily checks that 
(H n G’) * N is closed in G’. (H n G’) * N is unimodular by Theorem 1 
and Lemma 6. Let H’ = (H n G’) - N. G’ is unimodular if and only if G’N 
is unimodular. We may suppose that Rad(G’/N)O < H’/N by Theorem 1 
and Lemma 6. Now a connected Lie group is unimodular if and only if 
its radical is unimodular. Hence (G’/N)O is unimodular if Rad(G’/N)O 
is unimodular. But this is the case since Rad(G’/N)O is a closed normal 
subgroup of H’/N. Hence, the kernel of the modular function of G’ is 
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open and thus contains Go. Since G’/GO is compact, G’ is also unimodular. 
But since G’ is open, G/G’ has a G-invariant measure. Let d(e) be the 
modular function for G and let U == Ker A(.). Since G’ ,( U, U is open. 
Consider H. U. H * U is an open, hence, closed subgroup of G. 
Since our groups are separable, H . U/H = U/U n H. U is unimodular 
since it is the kernel of d(e). U n H is unimodular since it is a closed 
normal subgroup of H. Hence, there is a unique regular, U-invariant, 
probability Bore1 measure p on U/U n H. Using the uniqueness of p, 
one computes, as in the proof of Lemma 2, that p is H-invariant. Hence, 
there is an H . U-invariant regular probability Bore1 measure p on 
H. U/H. Hence, H * U is unimodular by Lemma 6. Hence, we may 
suppose that U C H. It suffices to show that there is a G-invariant 
regular probability Bore1 measure on G/H by Lemma 6. But such a 
measure exists if and only if there is a (G/U)- invariant regular probability 
Bore1 measure on (G/ U)/( H/ U). But G/U is Abelian and (G/ U)/(H/ U) = 
G/H is compact. Proposition 8 may now be concluded from Kakutani’s 
Fixed Point Theorem. Q.E.D. 
COROLLARY 9. Let G be a locally compact group whose topology has a 
countable basis, and let H C G be a closed unimodular subgroup such that 
G/H is compact. Let n be a unitary representation of G such that rr 1 H is 
Type I. Then rr is Type I. 
Proof. Immediate from Proposition 8 and Kallman [I]. Q.E.D. 
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